Abstract-The loss of power incurred by the bending of stepindexed optical fibers is measured is calculated in this paper using vector finite-element modeling of the full-wave Maxwell equations in the optical regime. It is demonstrated that fewer grid elements can be used to model light transmission in longer fiber lengths by using high-order basis functions in conjunction with a high-order energy-conserving time-integration method. The power in the core is measured at several points to determine the percentage loss. The effect of bending on light polarization is also demonstrated.
or at the outer portion of the evanescent field [4] can be derived in this manner. The disadvantage of these approaches is their reliance on techniques of asymptotic analysis, whereby mathematical terms in equations are rendered unimportant because of their dependence on parameters that are assumed to be very small. Power-loss measurements from these approaches can only be assumed accurate under extreme conditions.
The authors demonstrate in this paper how power-loss measurements of a bent optical fiber can be effectively calculated by numerically solving the full-wave Maxwell equations. Discretization of Maxwell's equations will be provided by the finite-element method on hexahedral grids [5] , [6] . This will allow for power-loss measurements to be calculated under more realistic curved geometries. High-order Nedelec basis functions are used to provide numerical approximations to the fields [7] , [8] . Then, coarse grids can be used to represent the geometry, while still maintaining numerical accuracy and preserving the continuity properties of the fields across material interfaces. High-order integrations are used to time-evolve the equations, so that energy-conservation and numerical-dispersion errors are kept at a minimum [9] .
It should be mentioned that other power-loss computations on bent fibers have been done. However, assumptions are made on the bent fiber so that the dynamics of the lightwaves can be modeled by reduced Maxwell equations on an equivalent straight waveguide (ESW) [10] , [11] . It should also be pointed out that we are not attempting to compete with fast-asymptotic or frequency-domain methods, which clearly excel at this particular problem. Rather, the goal is to demonstrate that fullwave solutions to Maxwell's equations using a time-domain finite-element method can be done at optical scales and that the downfalls of numerical dispersion [which plague low-order finite-difference time-domain (FDTD) methods for electrically large problems like this] can be mitigated by using high-order spatial and temporal discretizations. It is realized that for this particular problem, the proposed method is extremely expensive (in a computational sense), and is, therefore, not an efficient choice in comparison with the beam-propagation method (BPM) [12] or ESW. However, it is our belief that as the need for coupled multiphysics simulations increase, then a more robust method, such as this, will be required to include more realistic physical properties, such as the coupling of electromagnetic (EM) effects with Lagrangian mechanics (moving mesh, or Arbitrary Lagrangian Eulerian (ALE) methods to simulate dynamic bending), nonlinear mechanics, thermal diffusion, etc. The numerical method employed in this paper is very general and places no restriction on problem geometry (i.e., no symmetry requirements), material properties (material properties are free to be anisotropic, inhomogenous tensor functions of space), or computational mesh structure.
II. MAXWELL'S EQUATIONS
The dynamical behavior of lightwaves in a lossless region Ω are modeled by the full-wave Maxwell equations
We impose the physical restriction that there are no free electric or magnetic charges in the problem domain, yielding the constraints
Initial boundary values are given bŷ
The symbol ∂Ω is the two-dimensional boundary of the domain Ω with an outwardly directed unit normaln. The symbols and µ are the electric permittivity and magnetic permeability describing the material properties of the region Ω. These parameters are free to be tensor-valued and, possibly, discontinuous functions of space; however, we impose the restriction that they are linear and independent of time.
The variational form of (1) is
for all test functions W, F, such that
We employ a Galerkin approximation using a finite dimensional vector basis expansion of arbitrary polynomial degree [6] E(r, t) ≈ which upon substitution into (4) yields the semidiscrete system of ordinary differential equations
Here, K is the discrete curl matrix, M and M µ are the mass matrices associated with basis functions {W i }, {F i }, respectively, and e and b are vectors of the electric-and magneticfield degrees of freedom. For a fixed integer p, the finite dimensional spaces
are contained in the polynomial spaces
where Q l,m,n denotes a polynomial in the variables (x, y, z), whose maximum degree is l in x, m in y, and n in z. The vector-polynomial basis functions {W i }, {F i } are defined piecewise on the hexahedral elements of a computational grid through a transformation of vector-polynomial-basis functions defined on a unit reference element 0 ≤ x, y, z ≤ 1. Although simply stated, this is a complicated procedure, and details of their construction can be found in [6] . For a polynomialbasis order p, the approximation of (7) is p + 1-order accurate in ∆h, the characteristic volume of the hexahedral element.
We discretize the coupled first-order equations (in contrast to a single second-order equation for the electric field) for two primary reasons. First, it allows us to cast the discrete equations in symplectic form and, therefore, employ a high-order energy-conserving time-evolution scheme. Second, it provides a discrete B-field (in addition to the E-field) for direct computation of total EM energy. While it is true that the coupled discrete equations yield more degrees of freedom than a single second-order equation, it should be noted that a linear solve is only required for the electric-field unknowns, and hence has the same number of solution unknowns as a second-order formulation. The magnetic-field update does not require a linear solve, and the additional work required to compute the magnetic field in the coupled approach is no greater than if the magnetic field were to be computed as a secondary variable using the secondorder E-field equations.
High-order and energy-conserving time integration of (9) is given by a generalized symplectic update [9] where k is the order of the symplectic integration method and the matrices Q i are of the form
and ∆t is the discrete time step. The integration coefficients in (11) are listed in Table I . In this particular mixed finite-element method, the instantaneous energy is the numerical version of the total energy stored in the electric and magnetic fields. It is computed asẼ
The high-order symplectic update method of (10) is an explicit method subject to a Courant-like stability condition of the form
where ρ denotes the spectral radius of the matrix. Stated another way, (13) requires that the sampling frequency (determined by ∆t) must be less than half the highest resonant frequency of the spatial discretization. The stability condition of (13) is valid for all values of p, the order of the polynomial basis functions. However, as p is increased, the value of ρ(KM −1 K T M µ ) (and hence the highest resonant frequency of the spatial discretization) will grow, thus requiring a smaller time step ∆t. 
III. NUMERICAL RESULTS
In the following computational experiments, we simulate the propagation of an optical pulse along a 155-µm section of a step-index optical fiber. The core of the fiber has a radius of 5 µm and an index of refraction of 1.471, while the cladding has a radius of 40 µm and an index of refraction of 1.456. With these properties, the fiber is capable of propagating a λ = 1.55-µm optical wave. The ratio of problem-domain size to wavelength is therefore Ω/λ = 100, making this an "electrically large" problem. The problem is excited with a spaceand-time-dependent pulsed-voltage-source boundary condition applied to the input cap of the fiber representing a TE01 polarized mode. The spatial dependence of the voltage source is derived from Bessel functions of the first and second kind with the appropriate transverse-propagation constants to satisfy continuity across the core-cladding interface, while the temporal profile is a Gaussian pulsed sine wave containing 20 wavelengths as shown in Fig. 1 . The TE01 mode was chosen due to the nonzero z-component of the HE11 fundamental mode. The HE11 mode would need to be applied as a spatial solution to a frequency-domain simulation with a time-evolving component, a capability that does not currently exist in our simulation code. Since the primary purpose of this simulation is to determine the time evolution of an optical pulse, the next highest mode was chosen. This mode can be applied quite easily as a time-and space-dependent boundary condition. The core radius was chosen to include this next highest mode. The intention is to simulate an optical-fiber geometry as close to a single-mode fiber while incorporating the TE01 mode.
We perform the simulation using a straight fiber as reference and four bent fibers with different bend angles as summarized in Table II . The loss due to curvature of an optical fiber has been studied extensively, and it is well known that fiber waveguides lose power by radiation, if their propagation axes are curved. As pointed out in [4] , even if the standard radiation loss of the fiber is disregarded, the field changes its shape in the curved guide (known as the bend loss); the field is forced toward the outer wall in a manner resembling a centrifugal-force effect. Only for very large bending-radius values is it permissible to neglect this effect; for sharply curved guides, the field distortion caused by the bend has a considerable influence on the curvature loss. Bending losses in fibers are therefore classified as either macroscale or microscale. It is well known that losses due to macroscale bends, where the bending radius is greater than 10 cm, are essentially negligible [13] . Transmission in a fiber with a bending radius smaller than this is subject to signal loss due to radiation and bend loss [3] .
We discretize the domain of the fiber into a mesh of hexahedral elements and two material regions, namely the core and the cladding. Because the problem is electrically large, it will be subject to the cumulative errors of numerical dispersion. To mitigate this effect, we use high-order polynomial basis functions of degree p = 2, in conjunction with a highorder symplectic (energy-conserving) integrator of order k = 3, which has been shown to excel at reducing the effects of numerical dispersion for electrically large time-domain problems [6] . The computational mesh for each of the five simulations consists of 147 200 hexahedral elements with four transverse elements per wavelength, an example of which is shown in Fig. 2 . Note that four transverse elements per wavelength is significantly less than the commonly used heuristic of ten transverse cells per wavelength for standard low-order finite-element approximations. With the exception of the input cap, the mesh surface is terminated with an absorbing boundary condition (ABC), a first-order approximation to the exactradiation boundary condition, which is exact for planewaves at normal incidence. Using high-order p = 2 basis functions on this mesh results in a semidiscrete linear system (9) consisting of 3 562 160 electric-field degrees of freedom and 3 547 072 magnetic-flux-density degrees of freedom. This relatively large problem must therefore be solved in a parallel computational environment.
We decompose each fiber mesh using the multilevel graphpartitioning schemes of the METIS program [14] , resulting in a load-balanced partitioning of the linear system over each central processing unit (CPU) used in the calculation. At each time step, three linear solves must be performed (by virtue of the high-order symplectic-integration method used). We make use of a diagonally scaled preconditioned conjugate-gradient (PCG) method with a residual error tolerance of 10 −10 . This combination of solver and preconditioner has been shown to perform quite well with this particular high-order discretization in terms of setup time and CPU time per solve [8] . On average, the linear solve converged after 35 PCG iterations. The bulk of the computational effort at each time step is in the linear solve, but there is additional overhead due to the application of the time-dependent source function over the high-order finiteelement space at every time step and the output of solution data to disk for postprocessing. Further computational statistics for each of the five simulations are summarized in Table III. In Fig. 3 , we plot the normalized energy in the fiber core, computed by (12) , as a function of time for each of the five fiber simulations. The energy is normalized to the total energy of the optical pulse. As expected, the energy in the straight fiber is confined in the core for the duration of the simulation and is roughly 86% of the total pulse energy. As the fiber is bent, the energy in the core is lost due to radiation in the cladding as the pulse traverses the bend. This effect becomes more drastic as the bend angle (bend radius) increases (decreases) and as time increases. Note that for the 60
• bent fiber, the core energy loss at time t = 0.36 ps is very close to 100%. In Fig. 4 , we plot the base-10 log of the EM field energy, as computed by (12) , for the 30
• bent fiber at four separate snapshots in time. As the pulse traverses the bend, the majority of the energy is radiated into the cladding, and the remaining energy still guided in the core diminishes rapidly as a function of time. It is important to point out that the cladding radius of 40 µm we have used for our simulations is significantly smaller than the typical radius of 120 µm used in commercial-grade step-index fibers. This is due to the limits of computational resources.
In Figs. 5-9, we plot the base-10 log of the magnitude of the Poynting field, log 10 ( √ P · P), where P = E × B, at time t = 0.36 ps, for each of the five fiber simulations. The Poynting field can be used as a measure of power loss in the fiber core. Note that the majority of the power is confined in the core for the case of the straight fiber, while the power loss increases dramatically as the fiber is bent. In Figs. 10-14 , we plot a two-dimensional "slice" of the electric-field vector at time t = 0.36 ps for each of the five fiber simulations. Each plot is sliced in a plane that is normal to the tangent curve of the fiber bend. Note that for the straight fiber, the electric field remains circularly polarized as one would expect for a TE01 mode. However, as the bend angle increases and the electric field begins to radiate into the cladding, the orientation of the electric field becomes considerably more complex.
IV. CONCLUSION
Computer modeling of wave propagation in complicated optical-communication devices is difficult to perform because of the complex geometries and the highly restrictive time scales. However, the progress of vector finite-element modeling coupled with the advances in high-speed computing environments has now made it possible to perform these complicated simulations and to make accurate measurements of interest to the optical-engineering community. This was demonstrated here by modeling for the first time the classical problem of wave propagation in a bent optical fiber using full-wave Maxwell's equations. Power-loss measurements and polarization distortions were computed as the fiber underwent various degrees of bending. The vector finite-element method using high-order Nedelec basis functions, along with symplectic time-integration schemes, provided the numerical approximations. Thus, continuity properties of the fields across interfaces were maintained, energy was conserved in the semidiscrete sense, and the detrimental effects of numerical dispersion, which commonly plague electrically large problems such as these, were kept to a minimum.
